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Abstract 

We compute the algebra of left and right currents for a principal chiral model with 
arbitrary Wess-Zumino term on supergroups with zero Killing form. We define primary 
fields for the current algebra that match the afhne primaries at the Wess-Zumino- Witten 
points. The Maurer-Cartan equation together with current conservation tightly constrain 
the current-current and current-primary operator product expansions. The Hilbert space 
of the theory is generated by acting with the currents on primary fields. We compute the 
conformal dimensions of a subset of these states in the large radius limit. The current 
algebra is shown to be consistent with the quantum integrability of these models to several 
orders in perturbation theory. 
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1 Introduction 



Principal chiral models with Wess-Zumino term on supergroups (and their cosets) arise in 
many contexts including string theory on Anti-de Sitter backgrounds with Ramond-Ramond 
fluxes, the integer quantum hall effect, quenched disorder systems, polymers, as well as other 
domains in physics. When the supergroup has zero Killing form, the model is perturbatively 
conformal [H El E]- Thus, these models provide us with a two-parameter family of two- 
dimensional conformal field theories with supergroup symmetry. They exhibit a current 
algebra which is conformal and non-chiral [4J. Since these models fall into a class which 
exhibits integrability at least classically and most likely quantum mechanically, these two- 
dimensional conformal field theories may allow for an exact determination of their spectrum. 

Steps towards solving these models were made using various techniques. For particular 
supergroups the Wess-Zumino- Witten points are well-understood [5] [6] [7j. The bulk spectrum 
was computed at some special points of the moduli space in [8]. The spectrum for states 
living on particular boundaries can be obtained at any point of the moduli space [91 11Q|. fTTj . 
Methods to compute a subset of correlation functions were recently proposed in |12j . Despite 
these successes, the determination of the full bulk spectrum of the conformal field theories 
on supergroups remains an open problem. 

A strong motivation for determining the spectrum of these models, and their cosets, 
is the prospect of solving string theory in AdS space-times in conformal gauge, which via 
holography |13j may lead to a neater formulation of the solution of gauge theories at large N 
|14j . Our attitude in attacking this problem is to first attempt to solve for the spectrum in 
conformal gauge on supergroups (relevant to AdS% string theory for instance), and then for 
the spectrum on supercosets (relevant to AdS§ string theory for example). 

In this paper, we take a further step in our understanding of the symmetry, the inte- 
grability and the Hilbert space and spectrum of these models. In section [21 we review the 
conformal current algebra [4] obeyed by the conserved current associated to the left action 
of the supergroup on itself. We will determine further terms at order zero in the current 
algebra. In section [3] we compute the interplay between the left and the right conformal 
current algebra, as well as with the adjoint primary operator. In section [4] we define the 
primary fields for the current algebra. These fields correspond to the affine primaries at the 
Wess-Zumino- Witten points. We show that current primaries are also Virasoro primaries 
and compute their conformal dimension at large radius. In section [5] we explain how to com- 
pute the current-current and current-primary OPEs order by order in perturbation theory 
by demanding consistency with current conservation and the Maurer-Cartan equation. In 
section [6] we compute conformal dimensions of operators that are composites of a current 
and a primary to first order in semi-classical perturbation theory. We argue that the Hilbert 
space is generated by composites of currents and primary fields and show how to compute 
the conformal dimension of such operators in semi-classical perturbation theory. In section 
[7] we comment on the classical and quantum integrability of the model, and its consistency 
with the conformal current algebra. We conclude in section [HJ 

We have gathered many technical details in the appendices. In appendix we give a 
prescription to compute OPEs involving composite operators. In appendix [B] we compute 
the behavior at large radius for the coefficients appearing in the current-current and current- 
primary OPEs. In appendix O we prove the consistency of the perturbative algorithm used 
to compute the current-current and current-primary OPEs. Appendix [D] contains further 
consistency checks of the current algebra as well as details of the computation of the current 
algebra. In appendix[E]we detail calculations involving the primary fields. In appendix|F]we 
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translate the current-current OPEs into (anti-)commutation relations for the modes of the 
currents when the theory is defined on a cylinder. Finally, classical integrability of the model 
is proven in appendix iGl 



2 The conformal current algebra 

Setting 

We study a non-linear sigma-model on a supergroup G with zero Killing form, including a 
kinetic term and a Wess-Zumino term with arbitrary coefficient. The model is conformal 
and has a global symmetry group corresponding to the left and right action of the group 
on itself. In this section we review and complement the analysis of the algebra of current 
components associated to the left group action [3]. The action of the non-linear sigma-model 
on the supergroup is: 

S = Skin + Swz 

S k in = Yg^p / d 2 zTr'[-d»g-%g] 

Swz = ~^kj B ^y^Tr'id-'dagg-'dpgg-'d^g) (2.1) 

where g takes values in the supergroup G and Tr' indicates the non-degenerate bi-invariant 
metric. We will use the normalization and results of [4]. The Wess-Zumino- Witten points 
are given by the equation l// 2 = |fe|. Note that the action is invariant under group inversion 
g o g~ l and simultaneous orientation reversal z o z. 



The conformal current algebra 



From the action (|2.ip we can calculate the classical currents associated to the invariance 
of the theory under left multiplication of the field g by a group element in Gi and right 
multiplication by a group element in Gr. The classical Gl currents are given by 

3L,z = c+dgg' 1 

j L - z = c.Bgg- 1 , (2.2) 
where the constant c+ and c_ are given in terms of the couplings by: 



(l±kf 2 ' 
2/2 



Similarly, we also have the left-invariant currents that generate right multiplication: 

3R,z = ~c-g~ l dg 

3R,z = -c+g- l dg . (2.4) 
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The operator product expansions (OPEs) satisfied by the left currents have been derived in 
[3]. They read: 



■a i \ -b (p.\ ab u l , ro 



-i£. 2 (o) + ( C2 - 5 )^j£=(o) 



+ r 



-f ~(^1(o) - dtfM) + 1^(0) + c ^J> z - d - z jlM 



+ : : (0) + A ab cd ~ : j'j'! : (0) + B o6 c / : ft* : (0) - C ab cd log \z\ 2 : ,V/ : (0) 



+ ... 



i 



raft 



■2 



+ / 



«6 



f f (0,£(O) - %1(0)) + |%1,,(0) + ^-^^(0) 



1^ 



+ : jfjl : (0) - A ao cd log \z\* : : ( ) + B at > cd - : : (0) + C^-^ : : (0) 



+ ... 

iU*)iU0) ~ c^ b 2^ 2 \z-w) + f 



ab 



+ r 



-| log \z\ 2 (d z jm - d s fM) + { ^Y^d z jlM 



+ : f z j\ : (0) + A ab cd Z - : jfjf : (0) - B^log \z\ 2 : £jf : (0) + C ab J- : f z f z : (U) 
+ ... 



(2.5) 

Compared to [4], we have added a few terms at order zero in the distance between the 
insertion points of the two current components^. The ellipses refer to subleading terms in the 
expansion in the distance between the two insertion points (which includes logarithms). The 
right current components jr z and jn tZ satisfy similar operator product expansions amongst 
themselves, with the holomorphic coordinates replaced by anti-holomorphic ones. This can 
be proven by using the Z 2 symmetry that we noted before. Associativity of the current 
algebra is discussed in appendix ID.4I 

For the supergroup non-linear sigma-model in equation (|2.ip , the coefficients of the second 
and first order poles in the conformal current algebra, expressed purely in terms of c±, are 
given by [3] 



ci 

c 2 = i 
9 = i 



c+ + c_ 
.c + (c+ + 2c_ 
' (c+ + c_) 2 

2c + c_ 
(c++c_) 2 



C3 = " 
C4 = i 



c + + c_ 
c_(2c+ + c_ 

(C+ + C_) 2 
Ci c_ 



C+ + c_ 



(2.6) 



2 We would like to thank Anatoly Konechny for stressing the importance of these terms, and for sharing 
his insights in these terms in perturbation theory near Wess-Zumino-Witten points. 
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where the coefficients c± are the factors defined in equation f|2.3|) as the normalization of the 
currents. The coefficients Cj are exact. 

The current algebra defined by equation (|2.5p is compatible with both current conservation 
and the Maurer-Cartan equation : 

djt z + dj a L ,- z = (2.7) 

c-8j% z - c + df L - z - if a bc : f L J L - z := 0. (2.8) 

Indeed the OPE of a current with the left-hand side of the current conservation equation 
(|2.7p (respectively the Maurer-Cartan equation (j2.8j) ) gives zero up to contact terms (respec- 
tively exactly zero). Moreover, demanding compatibility of the current algebra with both 
equations (|2.7p and (|2.8p is a way to determine all the other subleading terms in the current 
algebra, order by order in semi-classical perturbation theory, namely for small f 2 (at fixed 
kf 2 ). This is explained in section [5j As we will see, the assumption of the validity of current 
conservation and especially the Maurer-Cartan equation in the quantum theory, determines 
a tightly constrained and interesting algebraic structure associated to supergroups with van- 
ishing Killing form. This hypothesis is tightly linked to the quantum integrability of the 
model, as we discuss in section [71 

We can use this perturbative technique to compute the coefficients of the current bilinears 
that appear in equation (|2.5j) . up to order f 2 . This computation is detailed in appendix lD.il 
and it leads to the results: 

A ab cd = f c 3 \u h ca r d {-v cd + / V a9 c) + o(f) 

= (C+ + C )3 (/ V"^- 1 )"" + / V ag c) + 0(f 4 ) 

C ab cd = (c+ ^ )3 \(f b cg r d {-V cd + / V a9 c) + O(f). (2.9) 

The fact that the same tensors appear in the three different current-current OPEs (12. 5p is 
a consequence of current conservation. The four-tensors A, B, C are (graded) symmetric in 
their two upper indices. This follows from the interchangeability of the current components 
on the left hand side of the first two OPEs in (|2.5p . Equation (|2.9p shows that these four- 
tensors are also (graded) symmetric in their two lower indices. Thus they are linear maps 
from graded symmetric tensors onto graded symmetric tensors. They partially code higher 
order corrections to equation (j2.9j) (see appendix ID.ip . 

In appendix lD.lt we have included a careful discussion of minus signs arising due to the 
graded statistics of the supergroup. For the remainder of the paper however, we will not be 
careful about minus signs arising due to the grading of operators. Since we use only universal 
group and (super) Lie algebra properties in our calculations, all signs can be consistently 
restored. 

The Virasoro algebra from the current algebra 

In [3] it was shown that the left and right Virasoro algebra emerge from the current algebra 
(|2.5p via the Sugawara construction. For instance the holomorphic stress-tensor : 

T(z) = ^-K ba : JUl z : (2.10) 
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satisfies the following OPEs 



jr Jw) djf Aw) 
T(z)jl z (w) = + Jh^-± + (z - w)° (2.11) 

[z — w) z z — w 



T{z)jl- Z (w) = + 0(z - w)° (2.12) 

z — w 

W(») = ^ + ^ + ^ + 0(,-«)' (2.13) 
2{z — w)* (z — u>) z — w 

In appendix lD.2l we give more details of the proof of equation (|2.11|) . In particular it is shown 
that the terms of order zero in equation (|2.5p (as well as any of the other subleading terms) 
do not modify this OPE. We also checked through explicit computation that the invariant 
contractions of the structure constants and the metric with the four-tensors (|2.9|) appearing 
in the energy- momentum tensor /current OPE give zero for the algebra psl(2\2). 



3 The left-right current algebra 

In this section, we compute the operator product expansions of currents associated to the 
left and the right action of the group upon itself. 



3.1 The primary adjoint operator 

The right current components can be rewritten 
left currents: 

3R,z = -c-g~ l dg = 
3R,z = -c+g^dg = 



in terms of the adjoint group action on the 

-—Ad g -i(j L , z ) (3.1) 
c+ 

-2± A d g (j Lrz ). (3.2) 



In the quantum theory the adjoint group action is generated by an operator that we call the 
primary adjoint operator : 

A aa =xStr{g- 1 t a gt a ). (3.3) 

Here x is some normalization factor. This operator transforms in the adjoint representation 
with respect to both the left and the right algebras. In the following unbarred (respectively 
barred) indices refer to the left (respectively right) adjoint representation. We recall that 
this field is also useful in writing down the Lagrangian of the model, and that its anomalous 
dimension is proportional to the beta-function of the model (which is zero in the case under 
study) [16]. Special properties of the primary adjoint operator in non-linear sigma models on 
supergroup with vanishing Killing form were also discussed in [9j. We can rewrite equations 
IpTIJl and ([321) as: 

A,z = --^:f L;Z A bi -- (3-4) 
ji- z = -^ ba :f L ,- z A bi :. (3.5) 
Using the 7Li symmetry of the theory we have also: 

jL = ~^l-a ■ JhA bi : (z) (3.6) 
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c + 

These relations fix a normalization for the operator A aa . They are compatible if the following 
relations hold : 

K ba A a ~ a A bl = K nl I (3.8) 
K- ba A aa A bi = K ab I (3.9) 

where / is the identity at least as acting upon the current algebra. One can argue more 
generically that these bilinears are proportional to the unit operator by using the definition 
of the primary adjoint in terms of the supertrace, and using completeness of the Lie algebra 
generators. Remember also that the left and right conformal dimensions of the adjoint 
operator A aa vanish since they are proportional to the dual Coxeter number of the Lie 
superalgebra. 

The action of the zero modes of the currents generates the group transformations. Since 
the structure constants are the generators of the Lie superalgebra in the adjoint representa- 
tion, the OPE between a current and the primary adjoint operator reads : 

f LjZ (z)A bb (w) = C + %! £* +... 

c + + c_ z — w 

„ A fab Acb 

3l,MA bb {w) = C ~ % A + - 
C_|_ + c_ z — w 

„ fab Abe 

j%- z (z)A bb (w) = C + l { **_ + ... (3.10) 
C_|_ + c_ z — w 

In section [J] the concept of primary field will be defined precisely. The coefficients appearing 
in the previous OPE will be explained, and we will compute the first subleading terms (see 
equation P~2]) ). 

Moreover, we propose that the following equations hold in the model under consideration: 

g A aa = _]f^be . -e^jba ._ . j^^ab . 

Q A a~a = _]f^be . ^jba ._ _]f^be . -c^al . _ ^ ^ 

One argument for the previous equations is the following. We start with the definition of the 
adjoint operator in terms of the group element (|3.3p . and compute its derivative: 

dA aa = xdSTr(g- 1 t a gt d ) 

= x STri-g^dgg-H-ge + 5 " V%T V") 

= x 3 J^± S Tr(g- l [t a Agn 

■e C+ 

= - J -^if a bc A ba . (3.13) 

We have left out the normal ordering symbols from the above classical calculation. The 
properties used in the calculation are that the supertrace is graded cyclic and the fact that 
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the equation gg = 1 and its derivative hold true. We assume that the quantum theory is 
consistent with these two rules. In section H] we will give a generic proof of equations (|3.1ip 
and ()3.12p . valid up to a certain order in a semi-classical expansion (see equation (|4.10p ). 

Notice that the relations pUD and (l3~T2l) imply that d(K ab A aa A bb ) = = d(n ab A aa A bb ) 
(and identical equations with the barred indices contracted), and thus are compatible with 
the equations relating the adjoint primary to the identity (13, 8j) and (j3.9|) . 



3.2 The left current - right current OPEs 

We have collected the tools to calculate the left/right current operator product expansions. 
Thanks to equations (13. 4h and (|3.5h we only need the left current self OPEs (12. 5p as well as 
the OPE between the left current and the adjoint primary operator (|3.10p . As an example, 
we will explicitly compute the OPE j£ z (z)j^ z {w) at the order of the poles. We use the 
prescription of appendix lAl 



c+ 



K c b hm 

C+ ix—mv: 



Kcb nm 



j a L t Mj b L!Z (x)A c \w] 

ab c 2 f ab d jl z (x) | (c 2 -g)r b d jl s (x)(z-x) 



C- 




+ ... A cn (w) 



W 

ic + 



f\c ■ i\,A c ~ a : H 



(z — w) 2 \ c + + c. 

f\ c :j b A ca :(w)(z-w) 



w 



(C2 -5) 



(3.14) 



In principle the second- and first-order poles that we obtain in the last line may receive 
corrections from the lower-order terms that we neglected in the penultimate line. We will now 
argue that it is not the case. Let us consider the first term in the last line (the second-order 
pole). This term may receive corrections of the form T a f,A ba , where the tensor T a contains 
at least one structure constant. Such a tensor vanishes by using properties of the Lie super 
algebras under consideration [2]. Let us now consider the second term (the holomorphic 
simple pole). It could receive corrections of the form T a oc : j b Lz A ca , where T a oc contains at 
least two structure constants. Again, according to [2j, this tensor vanishes because traceless 
four-tensors invariantly contracted with structure constants over two indices vanish. The 
third term receives no higher order corrections for the same reason. Thus the terms written 
in the last line of (|3.14p are not corrected. Using equations (|3.1ip and (13. 121) we finally obtain: 



:+ + c_ 



A" 



w)' 



+ 



c_ 



dA a 



c_ 



dA aa (w)(z -w) 



C+ + C- 



w 



c+ + c_ 



w) 



(3.15) 
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where the ellipses refer to terms of order zero or more in the distance between the two 
operators. Similarly we can compute: 

. a c + c_ / A aa (w) c+ dA a ~ a {w){z-w) c + BA aa (w) \ 

jl-A z »rA w ) - \JT^y + ^TcZ + c+ + c _ z-w ) + •" 

■a ,x-S / X 4 f ,aa/ \ r. C f2l/ x C_ &4 a "H C_ cU aS (w)\ 

JL z( z )3Rg( w ) = ± A ( w 27r5 (* - w ) - _ + — + 

^' 2V y K ' ZK ' c+ + c_V v y v ' c + + c^ z-w C+ + C- z-w J 



r2 



z(z)Jrz(w) = A aa (w )2tt5 (2) (z-w) + — — + 

JL,z\ JJK,z\ ) C+ + C-\ V ' K ' C+ + C_ Z-W C++C- Z-W J 

(3.16) 

The first two OPEs can be written in the alternative form: 



W + C—Z 



A aa (w) ( — 



It is straightforward to show that the OPEs are compatible with current conservation and 
the Maurer-Cartan equation. These OPEs are also compatible with the fact that the stress- 
tensor can be written either in terms of the left-current or in terms of the right currents. As 
an example of these consistency checks, it is shown in appendix ID. 31 that when we express 
the energy-momentum tensor in terms of right currents, it satisfies the expected OPE with 
the left current: 

1 - 7^ (iV) (J 1^ { ID) 

T(z)f L>z (w) = —k s : : = + -^J- + O ((* - w)°) (3.19) 

When the theory is defined on a cylinder we can Fourier expand the currents along 
the angular coordinate, at a given time. It was shown in [5j that the modes of the time 
components of the left (or the right) currents generate an affine Lie algebra at level k. The 
full commutator algebra computed in appendix [F] shows that these two affine Lie algebras 
commute. 

Summary 

In this section we have determined the pole order parts of the left and right current operator 
product expansions. The algebra closes on the current components and the adjoint field. 
Under the assumptions on the quantum theory stated above, the coefficients of the algebra 
are exactH. We now move from the determination of the left-right symmetry algebra of the 
model to the study of the vertex operators. 



4 The primaries 

In this section we define the concept of current algebra primaries. These fields can be un- 
derstood as the elementary vertex operators of the conformal field theory. We compute the 

3 If the assumptions are not valid, the coefficients will receive higher order corrections in f 2 . The results in 
the rest of the paper are independent of these possible corrections. 
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operator product expansion between a primary field and a current perturbatively, and deduce 
the OPE between a primary field and the stress-tensor. In particular we derive the OPEs 
used in [15]. 



Left current algebra primaries 

Given a representation 1Z of the group Gl we define a left primary field <f>n with respect to 
the left current algebra (|2.5j) as a field satisfying the operator product expansions: 

■a , — \ i i — \ c + +a 4>1l(w,w) 

jj z (z, z)(pn(w,w) = 1 h order zero 

c + + c_ z — w 

7r jfz, zjm-jiiw, w) = r — h order zero (4.1) 

c + + c_ z — w 

where the matrices t a are the generators of the Lie super-algebra taken in the representation 
7Z associated to the primary field (fa. If one assumes the above form for the operator product 
expansions, then the coefficients of the poles are fixed by the Ward identity for the symmetry 
Gl and the demand that the contact term vanishes in the operator product expansion between 
the field (ft and the Maurer-Cartan operator (|2.8p . The Ward identity implies compatibility 
of the OPEs (14. 1|) with current conservation (|2.7p . An example of a left current primary is 
the adjoint primary we discussed in the previous section. 

In appendix IE. II it is shown that a current primary field at a given point of the moduli 
space remains a current primary field after deformation of the kinetic term in the action. 
Thus one can consistently think of the current algebra primaries as the group element g 
taken in the representation 1Z. It also implies that at the WZW points the current primaries 
are the affine primary fields. 

As argued in section [5l we can compute the less singular terms in the current-primary 
OPE (|4.ip order by order in f 2 , by using the current conservation and the Maurer-Cartan 
equation. Performing the calculation of higher order terms to order f 2 , we find the OPE: 

f LjZ (z, Z)<t>{w, W) = - _^ t a^h^l + . f j . ( 

C+ + C- z — w 

+ A a c log \z - w\ 2 : f L J> : (w, w) + B a c Z —^- : j£ : (w, w) + ... 

z — w 

j%- z {z,z)ct>(w,w) = - _^_ t a^l± + . ^ . 

C_|_ I C — Z HJ 

- A a c ^ : f L>z <f> : -B\ log \z - w\ 2 : f L ^ : (w,w) + ... (4.2) 
z — w 

where we dropped the subscript 1Z. The coefficients read: 

A a c = -, °- , 2 l f a cb t b + 0(f) ; B\= ^ . 2 if a cb t b + 0{f). (4.3) 
(c + + c_)^ (c + + C-Y 

The details of the calculation are given in appendix IE.2I Note that the coefficients of the 
simple poles are unmodified. 

Current primaries are Virasoro primaries 

We will now show that a primary field with respect to the left-current algebra is also a 
primary field with respect to the Virasoro algebra. The holomorphic worldsheet stress tensor 



11 



is: 

T(z) = ^K ba :jl z j b L>z :(z). (4.4) 
Let us consider the OPE between a left-primary field 4> and the holomorphic stress-tensor: 

<t>{z)2 Cl T{w) = lim <f>(z)jt >z (x)j b L (w)n ba . (4.5) 

From the structure of the OPE (14. 2p . and from the fact that all operators appearing in this 
OPE are assumed to be composites of currents and of the operator (p, it follows that the 
most singular term that may appear in this OPE is a double pole, multiplying the operator 
(f>. As a consequence all the positive modes L n> o of the holomorphic stress-tensor annihilate 
the operator (p. Thus this operator is a Virasoro primary. 

Furthermore, with the knowledge of the current-primary OPE (|4.2p up to order _f 2 , we can 
evaluate the stress-tensor /primary OPE up to the same order. Details about this computation 
are given in appendix IE. 31 We obtain : 

T{w)m = ££f^) + ■I '^t^M + 0(2 _ + 0( f% (4.6) 
2 (z — w) z c + w — z 

The same computation can be performed with the anti-holomorphic stress-tensor. We obtain: 

mm = t^pi^ + L^MM + e(I _ a) . + 0( f% (4.7) 
2 (z — wy c_ w — z 

On general grounds the OPE between the stress-tensor and the primary field eft reads: 

n-w.)-^4 + 5*w+o((. -»)•), (4. 8 ) 

(w — z) z w — z 

where is the left conformal dimension of the operator (p. Thus we deduce the conformal 
dimensions of the primary field <f>: 

A^^ = ^ftV + 0(/ 4 ). (4.9) 

The semi-classical result for the conformal dimension of a current primary is as expected. It 
is equal to the quadratic Casimir of the representation in which the field transforms, times 
the inverse radius of the group manifold squared. For generic current primaries, there could 
be corrections of order f 4 to this formula. These corrections were conjectured to be absent in 
[2]. This was proven to be the case to all orders in perturbation theory if the superdimension 
of the representation of the primary is non-zero (i.e. for short multiplets). For example for 
the short, discrete representation crucial to the calculation in [15], there are no corrections. 

Notice that the stress-energy tensor can also be written in terms of the right currents. 
Equation (|4.9p implies that a primary field transforms under the left- and right-action of the 
group in representations that have the same eigenvalue of the quadratic Casimir operator. 
The simple poles in (|4.6p and ()4.7p also give the relations: 

d<P(z) = -K ba t a : fa * : (z) + 0{f A ) (4.10) 
c+ 

B^z) = -L Kbat * : & : (z) + 0(/ 4 ). (4.11) 



12 



Remark about the atypical sector 



Some of the primary fields are associated to atypical Kac modules, that are reducible but 
indecomposable [7J. In that case the matrices t a that appear in equation (|4.ip are not 
invertible. Moreover the quadratic operator Kj, a t a t b can then be written in an upper-triangular 
form, with zeros on the diagonal (which is the generalized eigenvalue of the quadratic casimir 
for atypical representations of e.g. the psl(n\n) superalgebra). Equation (|4.6p tells us that 
the operator Lq is proportional to this quadratic operator Kb a t a t b when acting on a primary 
field. This implies that Lq is non-diagonalizable, which betrays the logarithmic nature of the 
theory (see [7J for a similar argument in the case of psl(2\2), and |18|.|19| for an introduction 
to logarithmic CFTs). Let us remark here that the fact that the current component jl z has 
dimensions (1,0), but is not holomorphic also codes the logarithmic nature of the conformal 
field theory [8]. 



5 A recursive bootstrap for the elementary operator algebra 

In this section we will explain how to compute the current-current and current-primary OPEs 
order by order in a semi-classical expansion. We will show that the knowledge of the poles 
in these OPEs is enough to fix all the subleading terms. The idea driving the bootstrap is 
to ask for the compatibility of the elementary OPEs with both current conservation and the 
Maurer-Cartan equation. 



Current-current OPEs 

First let us consider the current-current OPEs. Current conservation gives the first con- 
straints: 



ilM [dj b L , z H + djl- z (w) 

3lM \dj b L Jw) + dj b L M 



-- 
0. 



(5.1) 



The first line implies a one-to-one correspondence between the terms in the j£ z j b L and 
j£ z j b L % OPEs. The second line then links the j£ z j b L 2 and the j£ z j b L s OPEs. These OPEs 
are expected to vanish up to contact terms. Indeed the same OPEs code the Ward identity 
for the global symmetry Gl- It follows that the contact terms in these OPEs are given b 
the transformation properties of the left current under the left action of the group on itself' 4 ' 
The second constraint comes from the Maurer-Cartan equation : 



f L Jz) cdjUw) - c + dj b (w) + if b cd : .it.il 



0. 



(5.2) 



Contact terms in this OPE should vanish. Using current conservation and the fact that 
c+ + c_ = —f~ 2 we rewrite this constraint as : 



jlAzmjw) = f 2 j a L Jz)if cd : frJl = : (w). 



(5.3) 



Thanks to the factor of f 2 on the right-hand side of the previous equation, it becomes manifest 
that the knowledge of the current algebra at a given order in f 2 will also determine the current 



4 These contact terms allow for the computation of the holomorphic (respectively anti-holomorphic) poles 
in the jt,zji,z (respectively OlsOlz) OPE. These poles were already computed to all orders in f 2 in [4] using 
different methods. 
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algebra at the next order. The discussion of appendix iBl shows that the terms appearing in 
the current-current OPEs at order f 2n are composites of at most n + 1 currents. This allows 
us to make an ansatz for the current-current OPE at higher-order. Then equation (|5.3p fixes 
the coefficients in this ansatz. This method is illustrated in app endix ID . 1 1 where we compute 
the current algebra up to order f 2 . 

Current-primary OPEs 

The same logic applies to the computation of the current-primary OPEs. Current conserva- 
tion links the j£ <f) and j£ 2 <p OPEs : 

tj>(z)[8jl >z ( W ) + df L - z ( W )]=0. (5.4) 
When the above equation is valid, the Maurer-Cartan constraint can be rewritten as: 

tf>(z)8ji it (w) = f 2 m^r cd ■■ jUu ■ m- ( 5 - 5 ) 

Again the discussion of appendix IBl gives an ansatz for the current-primary OPE at a given 
order in f 2 : the terms appearing in the current-primary OPE at order f 2n are composites 
of at most n currents with the primary field (p. When we plug this ansatz in equation (15. 5p 
we obtain the value of the coefficients. This method is illustrated in appendix IE. 2 1 where we 
compute the current-primary OPE up to order f 2 . 

Further remarks 

This perturbative approach squares well with the observation that the most singular terms 
in the current-current and current-primary OPEs come with the lower power of f 2 . This is 
explained in appendix [Bj Thus performing a computation up to a certain order in f 2 allows 
to truncate the current-current and current-primary OPEs at a certain order in the distance 
between the insertion points of the operators. 

The consistency of this perturbative approach demands that the addition of higher-order 
terms to the elementary OPEs does not spoil their compatibility both with current conser- 
vation and with the Maurer-Cartan equation at lower order in f 2 . That this is the case is 
proven in appendix O 

One may hope to obtain a closed formula for the full current-current and current-primary 
OPEs thanks to this algebraic bootstrap. 

6 Composite operators and their conformal dimension 

In this section we consider operators that are composites of one or more currents with a 
primary operator. We are mostly interested in the computation of the conformal dimension 
of such operators as a function of the two parameters (k, f) of the supergroup sigma-model. 
At the WZW point these operators are descendants in the highest-weight representations of 
the left affine Lie algebra. 

Operators of the form : j^cj) : 

Let us consider the operator : jl z 4> ■ defined as the regular term in the OPE between the 
operators j£ z and <fi. To compute the holomorphic dimension of this operator we compute 
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its OPE with the stress-tensor, and look at the second order pole. The computation is done 
following the method described in appendixO The fact that the stress-tensor is holomorphic 
simplifies the calculation. We find: 

T{z) : ft $ : (w) = lim T(z)f L)Z (x)cf>(w) 

_ i irn . ^ 7i — =™ + — — — n w > +JlA x ) tz — zx? + 



:x— >w: 



(z — x) 2 z — x J ' z \(z — w) 2 Z — W 



I 1 ( c + t a (j)(w) -a i , \ 

hm ^- f : jl z (t> : (w) 

[ [z — x) z \ c+ + c_ x — w 



:x— >w 



+A a c log \x - w\ 2 : f LjZ <j> : (to) + £ a c : j£ ^ : (to) + 

x — w 



i / c+ t>H 

+ X ? 2 + : : H 



j — 71; \ 

: 3%A ■■ H - B\- : f L ^ : (w) + ... 

x — w [x — w) z ' / 



(z — w) 2 z — w 

r -t a 6(w) + L -- 



[z — w) 3 c + + c_ (z — w) 2 

+ 7 73 J_ t a <P(w) + ■ + A\- -2 : f L : (w) 

{z — w) 6 C + + C- z — w (z — w) z 

H 7 — ! — ^ 1 ! ^0(z-wf (6.1) 

[z — w) A z — w 



Using equation (|4.3p we obtain : 



t a 0(w) (A + 1) : f L J : (w) + J ^- 7 if" cb t b : f L J : (w) 



T(z) : : H = f ^ 3 + — - ^ 



3 : j'? z : (w) . n 

z — w 



(6.2) 



The matrices t a are the generators of the Lie algebra in the representation in which the 
operator (ft transforms. Since one has a non-vanishing third-order pole, not all of the operators 
• 3l • are Virasoro primary. Indeed we know from equation (|4.10p that the operator 
L_i0 = d(j), which is a Virasoro descendant, is a linear combination of these operators. 
However the remaining ones are all Virasoro primaries. In the case where the quadratic 
Casimir of the representation TZ associated to the representation of the operator eft is non- 
zero, it is straightforward to check that in the OPE between the stress-tensor and the operator 
c Ti '■ JLz't' '■ ~t°"tb '■ j\ z <fi : ) the third-order pole vanishes. We adopt the notation c$ both 
for the (generalized) quadratic Casimir operator and for its eigenvalues in the irreducible 
representation or reducible indecomposable structure TZ. 

From the double pole in equation (|6.2p we can read off the action of the scaling operator 
Lq on the operator : j£ z (j) :: 

L : jl tf, := (A* + 1) : ■ + , °7 , 2 ^/V & = H,A ■ ■ (6-3) 
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The operators : j£ <f> : do not diagonalize the scaling operator Lq. In order to extract the 
conformal dimensions of these operators we have to compute the eigenvalues of the following 
operator : 

r cb (t b )J (6.4) 

where we wrote explicitly the indices a, j3 associated to the representation 7Z in which the 
primary field 4> transforms. This operator is an endomorphism acting on the vector space 
associated to the tensor product of the adjoint and the representation 7Z, namely Adj <g> 
7Z. Since the structure constants are the generators of the Lie super-algebra in the adjoint 
representation, the operator (|6.4p can be rewritten as: 

«w4e ® 4 (6-5) 

where this time we kept the external indices implicit. The generators of the Lie super-algebra 
in the (reducible) representation Adj <g> 1Z read : 

t a Adj ®Id + Id®t\. (6.6) 

Hence the quadratic Casimir operator in the tensor product of representations is : 

c %®n = K ba (t a Adj ®Id + Id®t a n ) (t b Adj ®Id + Id®t b n ) 

= C K * +C% + ^hat a Adj ®t h n . (6.7) 
We deduce that the operator (|6.4p that we want to diagonalize reads: 

* + a to t h - 1 (n® \ (R 8^ 

K ba^Adj » l n - 2 \ c Adj®n ~ c n ~ c Adj) ■ l D - 8 i 

(2) 

Recall that the quadratic Casimir vanishes in the adjoint representation: c Ad - = 0. In the 
tensor product Adj (g> TZ^, reducible indecomposable structures may appear. The Casimir 
operator is not diagonalizable on these structures, but we can still define its generalized 
eigenvalues. 

Finally we obtain the conformal dimension of the operators : jl z 4> ■■ Let us denote by 

1Z a representation that appears in the tensor product Adj <g> TZ, and by [: j£ z <p :]^ a linear 

combination of the operators : j£ <f> : that transforms in the representation 7Z. We have 
shown: 

l>(:-.i'Lo--, R ) = ^ ) + l + ^(l-y 2 )(cf- ( | ) ) + 0(/ 4 ). (6.9) 

The interpretation of this semi-classical result is as follows. At zero Wess-Zumino coupling 
k = 0, we find that the conformal dimension at leading order is / 2 c^/2 + 1, namely the 
quadratic Casimir of the representation in which the total wave-function j<j) transforms times 
the inverse radius squared, plus one for the fact that we are looking at a descendant state. 
That is as for a naive evaluation of the conformal dimension of the derivative of an ordinary 
point-particle wave function in representation TZ. Note that at the WZW point kf 2 = 1, we 
also recuperate the usual behavior, which is that only the representation of the primary state 
4> counts for the basic conformal dimension, while currents add precisely one to the conformal 
dimension, independent of the representation in which the descendant state transforms. Thus 
the formula interpolates between these two intuitive behaviors, linearly in kf 2 . Notice that 
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the corrections to the dimension at the WZW point come from the logarithmic term in the 
current-primary OPE (I4.2p . 

This result illustrates the fact that the bulk partition function will split into a sum over 
(mini-superspace) representations of the supergroup with conformal dimensions depending on 
the representation in question. That demonstrates that this behavior, observed in boundary 
partition functions [9|, extends to bulk partition functions. This structure carries over to 
both left and right conformal dimensions simultaneously. 

Indeed, let us turn to the calculation of the anti-holomorphic conformal dimension of 
the operator : <j) :. As previously we compute the OPE between the anti-holomorphic 
stress-tensor and the operator: 

f(z) : jlA ■ M = I™ f{z)jl >z {x)<t>{w) 

hm { _ _ <t>{w)+j L {x) J + 
z — x I \ [z — W) z 

■ d fhJ ■ H . .„ 1 




+ A a c ——,:jlJ:(w) 



w (z 



, 0:(w) : j% d(j> : (w) 

H F F2 H = = ( 6 - 10 

(z — wy z — w 



Hence we have: 



m . Si A : M = ^^H-^/V^L^H + + 0{f) 



(z — w) 2 z — w 



(6.11) 



That leads to the conformal dimension: 

/ 2 „( 2 ) , ^ n fc/2x/„(2) 



h 



This is identical to the previous result, except for the lack of shift by one (since we are 
acting with the holomorpic component of the left current). Finally one can perform the same 
computation for the operators : j£ '■■ One finds : 



h 



{■■jl.oQ = ^cg ) + l + Y(l + */ a )(^ ) -cg ) ) + 0(/ 4 ) (6-12) 



One can perform similar computations for operators that are composites of a right-current 
and a primary operator. The conformal dimensions of these operators can also be deduced 
from the symmetry of the model under the simultaneous interchanges g <-> g^ 1 and z <-> z. 



A basis of operators 

At the Wess-Zumino-Witten points kf 2 = 1 the z-component (respectively z-component) of 
the left current (respectively right current) vanishes, and the left current (respectively right 
current) is holomorphic (respectively anti-holomorphic). Thus we can expand the currents in 



17 



a Laurent expansion. The spectrum is generated by acting on the affine primary fields with 
the modes of the current. It is spanned by the operators : 

{jXXJ^.jXj} (6-13) 

where <j) is an affine primary operator and the currents j ai can be either the left-current J ai or 
the right-current J ai . In fact, all the negative modes of the currents Jt n (respectively Jt n ) 
can be generated by successive commutations of the first negative mode (respectively 
J" 1 ). This is most easily seen by working in the Chevalley basis for the generators of the 
bosonic subalgebra. As a consequence the spectrum is also spanned by the operators : 

{AA-lV}. (6.14) 

Finally, we notice that for any operator x, the operator J" x x is the regular term in the OPE 
between the current J a and the operator x- Thus we can rewrite J°iiX ='• J a X '■■ So the 
previous set of operators spanning the spectrum can be rewritten as: 

{:/: :.r-'...:.Ao :...::}. (6.15) 

We wrote the spectrum in this unusual form since it has the advantage that these operators 
are also defined away from the WZW point. 

At a generic point of the moduli space both the left- and the right-currents have two non- 
vanishing components. Since both left and right invariant one-forms generate a basis for the 
cotangent bundle in spacetime, the sets of operators generated by acting with left-currents 
or with right-currents on primary fields are isomorphic. This indicates that we have two 
(overcomplete) bases of operators : 

{: ,7; : ft... : o : ... ::} (://,; : : j'*, : ... ::} (6.16) 

where <fi is a primary field as defined in section HJ and (respectively j^) can be either the z- 
or ^-component of the left current (respectively right current). Of course, a mixture of left and 
right current components is also an allowed choice. We can compute the conformal dimensions 
of the operators of the sets (|6.16p by following the computation given at the beginning of 
this section. The knowledge of the current-current OPEs (|2.5p and of the current-primary 
OPEs (|4.2p up to terms of order / 4 allows the computation of the conformal dimensions up 
to terms of order / 4 . Following the logic of section [5] it is then possible to compute order by 
order in / 2 the current-current OPEs, the current-primary OPEs and finally the conformal 
dimensions of the operators (|6.16p . The recursive calculation may allow for a closed solution. 

Let us stress that the spectrum can be generated by acting with the currents on a rather 
small set of primary operators. The current primaries at any point of the moduli space are 
in one-to-one correspondence with the affine primaries at the WZW points. In particular the 
set of current primaries is much smaller than the set of Virasoro primaries. Using the current 
algebra allows to take advantage of the extension of the symmetry algebra at particular points 
of the moduli space, namely the WZW points. In other words, in the scheme proposed here, 
we attempt to maximally exploit the presence of WZW lines in the two-dimensional moduli 
space of Gi x Gr invariant supergroup sigma-models. 

7 The classical and quantum integrability 

The two-dimensional field theory under consideration is classically integrable in the sense 
that one can code the equations of motion in the demand that a connection depending on 
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a spectral parameter is flat, thus leading to an infinite set of non-local conserved charges. 
We give the proof of this fact for a generic principal chiral model with Wess-Zumino term in 
appendix iGl 

For the model to be quantum integrable, there needs to be an infinite set of conserved 
charges in the quantum theory. There are circumstances in which anomalies prevent the 
lifting of the charges from the classical to the quantum theory. It is important to argue that 
this is not the case for the supergroup sigma-models under consideration here. 

Beyond the usual conserved charges Q? Q \ associated to the group action(s) on itself, a 
first set of non-local conserved charges can be defined as [20J: 

Q(i) = N j daf a + j da 1 da 2 e{a 1 -a 2 )r bc f T {r,<Ji)j b T {r,<J 2 ) : (7.1) 

where r, a are time- and space-coordinates, the factor N is an appropriate normalization 
constant, and the function e takes the values ±1 depending on the sign of its argument. The 
non-local charges exists for both left and right currents. The proof of conservation of the 
non-local charge runs through the fact that the current j is conserved, and the validity of 
the Maurer-Cartan equation. When both equations are preserved in the quantum theory, the 
(normal ordered) non-local charges survive (since from the first non-local charges, all others 
can be generated through commutation with the charges associated to the global symmetries) . 

It should be clear now that we can view the fixing of higher order terms in the current- 
current operator products by demanding the vanishing of Maurer-Cartan operator as de- 
manding OPEs compatible with the quantum integrability of the model. Conversely, the 
fact that one can find such OPEs in this model (using the special algebraic properties of the 
supergroup) lend credence to this hypothesis. It would be useful to make the link between 
the existence of the Yangian and the form of the current-current operator product expansions 
even more manifest. 

The main threat to the existence of the non-local charge (|7.ip comes from the UV- 
divergence in its definition. In the quadratic term, the current components are both in- 
tegrated, and the integration involves a region in which the currents come very close to one 
another, thus necessitating a UV regulator that could potentially render the non-local charges 
anomalous. 

We will now show that in the models at hand, these potential UV divergences are absent, 
at least to the first few orders in perturbation theory, and presumably to all orders. From 
the current algebra (|2.5p . we see that : 

f a cb j b L(z)j C LM = f a cb : j b L (z)f L (w) : +0(f) 

which is true for the z and z components of the currents. This follows from the fact that the 
tensors K bc , A bc de, B bc d e and C bc d e appearing in (12.5(1 are graded-symmetric in the indices 
b, c. Moreover the double contraction of structure constants (the Killing form) also vanishes. 
This is a proof of the consistency of the current algebra with quantum integrability to second 
order. It is a strong suggestion of quantum integrability to all orders, a property which is 
closely tied to quantum conformal invariance. 

8 Conclusions 

In this paper we continued the investigation of the conformal current algebra in non-linear 
sigma models on supergroups. The left and right current algebra closes on itself and a 
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primary adjoint operator. The current algebra as well as the current-primary OPEs are 
tightly constrained by the Maurer-Cartan equation and current conservation, and can be 
computed order by order in a semi-classical expansion. We argued that one can view the 
Hilbert space of the theory as generated by currents acting on primaries, since WZW lines 
exist in the moduli space of theory. We initiated the (perturbative) computation of the 
spectrum, and argued for the possibility of a recursive bootstrap. We discussed the quantum 
integrability of the model, and tied it to properties of the current algebra. We hope our 
analysis contributes to the determination of an explicit solution to the full bulk spectrum of 
two-dimensional conformal field theories on supergroups and their cosets. 
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A Operator products involving composite operators 

In this appendix we discuss the computation of OPEs involving composite operators. We 
consider the following OPE: 

lim A(z) : BC : (to). (A.l) 

z— yw 

The composite operator : BC : (w) is defined as the term multiplied by (x — w)°(x — u>)° 
in the OPE between the operators B{x) and C{w). To compute the OPE (lA.ip we use a 
point splitting procedure. We denote the extraction of the normal ordered term by the limit 
: BC : (w) = lim :x ^ w: B(x)C(w). This symbolizes that at the end of the calculation we take 
the limit x — > w, and discard all terms that are singular in x — w in this limit. 

To compute the operator product of the operator A with the composite operator : BC : 
we proceed as follows. On the one hand we perform the OPE of the operators A and B, and 
then we perform the OPE of the result with C. On the other hand we perform the OPE 
of the operators A and C, and then we perform the OPE of the result with B. Eventually 
take the regular limit : x — >■ w : and add up the two terms. Additional details about these 
operations follow. 

• First let us consider the OPE between A{z) and B(x). We evaluate the result at the 
point x - otherwise taking the regular limit : x — > w : would become cumbersome. Let 
us consider one term in the OPE between A{z) and B(x): 

A{z)B{x) = ... + {z- x) Ad - Aa ~ Ab {z - x) Ad - Aa - Ab D{x) + ... (A.2) 

where Aq (respectively Ao) stands for the holomorphic (respectively anti-holomorphic) 
conformal dimension of an operator O. For simplicity we consider a term in which no 
logarithm appears, but the generalization is straightforward. We have to perform the 
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OPE of the right-hand side with the operator C{w). Let us consider one term in the 
result: 

- x) a °- Aa - Ab (z - x) Ad - Aa - Ab D(x)C(w) = 

... + {x- w) Ae ~ Ad - Ac {x - w) Ae - Ad - Ac (z - x) a °- Aa - Ab {z - x) Ad -~ Aa - Ab E{w) + 

Now to take the normal ordered limit : x — > w :, we expand the functions depending on 
x in the neighborhood of w, namely, we write: 

( z - X ) A = ( z - W ) A - A(x - w)(z - w)*- 1 + ... (A.3) 

and we keep only the terms that end up with no factor of (x — w). The same manipu- 
lations have to be done for the anti-holomorphic factors. If both A B — Ap — Ac and 
A^; — Ad — Ac are non-positive integers, then the term we isolated in the previous 
steps contributes to the OPE (lA.lj) as: 

lim A(z) : BC : (w) = ... + #(z - U ,)A E -A A -A B -A C (- _ ^K E -K A -K B -K C E ^ 

z^rw 

(A.4) 

with numerical coefficient: 

jj. _ ^_^-j-A E +A D +A C (-_^-)-A E +A D +Ac 

(A D - A A - A B )(A D -A A -A B - 1)...(A E - A A - A B - A c + 1) 



(—Ae + Ad + Ac) 



^ {A D -A A - A B ){A D -A A -A B - 1)...{A E — A A — A B — A c + 1) 

(-A E + A D + A C )! - [ ■ ) 

Let us stress that a given term in the result of the OPE (|A.1|) may receive contributions 
from an infinite number of terms in the OPE between A and B. This makes the 
computation of OPEs involving composite operators rather involved. One may need to 
resort to perturbation theory in a small parameter to render the calculation manageable. 
The perturbation theory that we use in the bulk of the paper is explained in section [5] 
and in the appendices [B] and 

• Let us turn to the OPE between A(z) and C(w), which we evaluate at the point w. 
This second step is simpler than the first. Again, we concentrate on one term in this 
OPE: 

A{z)C(w) = ... + (Z - w ) a f-*a-A b ( - _ A F -A A -A BF ^ + (A _ 6) 

We then have to perform the OPE between the right-hand side and the operator B(x). 
We evaluate the result at the point w. Let us write down one term in the result: 

(z - w) Af - Aa ~ Ab {z - w) Af ~ Aa ~ Ab B(x)F(w) = 

... + (z- w) Af ~ Aa - Ab {z - w) Af ~ Aa ~ Ab (x - w) Ag ~ Ab - Af (x - w) Ag - Ab ~ Af G(w) + ... 

Finally we take the straightforward normal ordered limit : x — > w :, that discards all 
the terms except for the one with Ac — A B — Ap = Ac — A B — Ap = 0. Thus only 
the regular term : BF : (w) in the OPE between B(x) and F(w) survives. We obtain 
the following contribution to the OPE (1A. lj) : 

lim^(z) : BC : (w) = ... + (z - w ) a f+A b ~A a -A c ^- _ ^A F +A fl -A A -A c . Bp . ^ 
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Simplification in the case of a holomorphic operator 



The computation of the singular terms in the OPE (|A.ip simplifies if the operator A{z) is 
holomorphic. Let us consider a term of the form (|A.2p . Since the operator A is holomorphic 
there is no dependence on z, so - — Ab = 0. Let us also assume that Ad — A^ — As 
is an integer. The question is whether such a term may contribute to a pole in the OPE 
(jA.ip . i.e. a term of the form (|A.4p with A^; — A^ — Ab — Ac a negative integer (and 
A^; — A a — As — Ac = 0). But this is only possible if A^ — A^ — Ab is already a negative 
integer, since otherwise the coefficient (|A,5j) vanishes. 

It follows from the previous discussion that under the assumption that only integer powers 
of (z — x) appear in the OPE between the operators A(z) and B(x), then in the computation 
of singular terms in the OPE (jA.ip one can truncate the OPE between A(z) and B(x) to 
the singular terms only (i.e. keep only the poles in (z — x)). That specific feature of this 
special case is put to good use in some standard calculations in two-dimensional conformal 
field theory [17] . 



B The semi-classical behavior of the OPE coefficients 

At large radius, namely in the limit f 2 — > (either at fixed level k or at fixed kf 2 ), the 
target space flattens and the worldsheet theory becomes free. More precisely we obtain a 
theory of d free bosons, where d is the dimension of the adjoint representation of the super Lie 
algebra. Among these bosons, some are commuting and some are anti-commuting, depending 
on whether they can be associated to bosonic or fermionic coordinates of target space. At 
fixed kf 2 the f 2 — > limit is the semi-classical limit of the model. 

Our goal in this appendix is to evaluate the behavior at large radius (small f 2 ) of the 
terms appearing in the current-current and current-primary OPEs. Let us start with the 
action of the model: 

S = Skin + S\YZ 

Swz = -^- [ dZye^Tr'ig^dagg^dpgg^d^g). (B.l) 
We write the group element as: 

g = e fx = e i f x a r (b.2) 

where the X a are coordinates on the supergroup and the matrices t a are the generators of 
the Lie superalgebra. The kinetic term and the Wess-Zumino term become: 

Skin = ^Jd 2z (dX a BX a - f -^f a fe f acb X b dX c X e dXf + 

Swz = "y£ / d2z (ffabcX c dX b dX a + ...). (B.3) 

Written in this way the theory describes a set of interacting bosons (some of which are 
anti-commuting). The quadratic terms in the action give rise to the free propagator: 

X a (z,z)X\w,w) = -K ab log fi 2 \z -w\ 2 , (B.4) 
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where fj, is an infrared regulator. The propagator behaves like whereas a vertex with 

p + 2 legs (i.e. Lie algebra indices) behaves as 0(f p ). It follows that the theory reduces to 
a theory of free bosons in the semi-classical limit, as anticipated. At fixed kf 2 and for each 
interaction vertex, the power of the coupling constant / is equal to the number of structure 
constants that appear. Since we are interested in computing OPEs involving the currents 
and the primary fields, let us write these fields in terms of the bosons X a : 

(dgg-'r = i(fdX a + fl^X c dX b + ^f a bc f de dX e X d X b + ...) 

(dgg-'r = i(fdX a + fl^X b dX c + ^f a bc f c de dX e X d X b + ...), (B.5) 

2 b 

= e W = if X a t a - f 2 X a t a X b t b + ... (B.6) 

where in the last line the generators t a are taken in the representation associated to the 
primary field <j). 

The semi-classical behavior of the current-current OPE 

We study the semi-classical behavior of the OPE between two z-components of the left- 
current. The discussion generalizes straightforwardly to other current-current OPEs. We 
assume that the only operators that appear in the result of this OPE are composites of 
(derivatives of) left currents. This is true at the WZW point, and can presumably be proven 
at any point using conformal perturbation theory. Let us isolate one term in this OPE : 

HM&M = ■■■+A ab a p a^...a 2 a 1 (z-wrz-w) : f L ] z : j« ... : f L *- x f L * z : ... :: (w) + ... (B.7) 

Our goal is to evaluate the behavior of the tensor A ab ap _ Ml (z — w , z — w) when the parameter 
/ is small. The reasoning will not depend on the particular current component, nor on the 
presence of further derivative operators. 

To proceed we use the expression (|B.5|) of the currents in terms of the bosonic fields X a . 
First let us focus on the leading term in the expansion (jR5j) . We consider the OPE: 

dX a (z)dX b {w) = ...+A ab apap _ 1 ... a2ai (z-w,z-w) : <9X ai : 3X a \.. : dX^dX^ : ... :: (w)+... 

. (R8) 

The behavior of the tensor A ab apap _ 1 _ M2ai as a function of the parameter / will give the 
behavior of the tensor A ab ap .^ ai (z — w,z — w) defined in equation (|B.7|) . As a first step let 
us consider the following three-point function: 

(dX a (z)dX b (w) : dX a ^ : dX a ' z ... : dX^dX** : ... :: [x)) connected (B.9) 

We consider only the contribution of connected Feynman diagrams to this correlation func- 
tion. Indeed, if the external operators dX a (z) and dX b (w) are contracted on different 
pieces of a disconnected Feynman diagram, then the result contributes to the regular term 
: dX a (x)dX b (w) : on the right-hand side of the OPE (|B.8|) . Thus to compute the non-trivial 
terms in this OPE one needs to consider only the Feynman diagrams for which the external 
operators dX a (z) and dX b (w) are connected. But this in turn implies that the Feynman 
diagram is fully connected. Indeed, if this were not the case then one connected piece of 
the Feynman diagram has for external lines operators coming from the composite operator 
: dX ai : dX a2 ... : dX a p~ 1 dX ap : ... :: (x) only. Such a piece would depend on the coordinate 



JL,z 

C+ 

;a 

JL,z 

C_ 
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x only, and would necessarily be zero by translation invariance. This shows that we need to 
consider only fully connected Feynman diagrams. 

Now let us evaluate the /-dependence of a connected Feynman diagram contributing to 
(|B.9|) . We will show by induction the following statement: a connected Feynman diagram 
in the theory (|B.3|) with p + 2 external legs behaves like 0(f p ). This is the case for p = 
since the propagator is of order f°. Now let us assume that the statement has been proven 
for p < n + 2, and consider a Feynman diagram with n + 2 external lines. We isolate m of 
these external legs that are contracted on the same vertex with m + 1 legs. This piece is of 
order f m ~ 1 . The other piece of the Feynman diagram has n + 2 — m + 1 external lines, and 
by induction is of order f n - m+1 . Thus the result is of order f n , and the proof is completed. 
We deduce that: 

(dX a (z)dX\w) : dX a > : dX a \.. : dX^dX^ : ... :: (x)) connected = 0{f p ). (B.10) 

Since two-point functions of (composites of) the fields X a behave at least as 0(f ), we can 
now combine the previous result with equation (1B.5|) to evaluate the order of the term in the 
current OPE under considerationE): 

y )ji > } = ... + O(F) : 3 %L : fi... : J j£%L : ... :: („, + ... (B.ll) 

fc+ fc+ fc+ fc + fc+ fc+ 

Given that /c+ = 0{f~ 1 ), we obtain: 

i£»il» = - + °(f 2P ~ 2 ) ■ -II, ■ JV,- ■ fCiZ* - :: («») + - (B.12) 
This is a property we repeatedly confirm as well as use in the bulk of the paper. 



The semi-classical behavior of the current-primary OPE 

We can perform a similar analysis to determine the behavior of the terms in the current- 
primary OPE at large radius. Let us consider a primary field 0. We assume that all the 
terms that appear in the OPE between a left current and this primary field are composite 
operators including an arbitrary number of left currents and one field (ft only. This is the case 
at the WZW point. Then by continuously deforming the OPEs away from the WZW point, 
this is the case over the whole moduli space of the theory. Let us isolate one term in the 
OPE between the left current j£ z and the primary field (ft: 

f L , z {z)(ft( W ) = ... + B\ v ,.. ai ( 2 -w,z-w): f L ] z : j% z ... : j%J : ... :: (w) + ... (B.13) 

Our goal is to evaluate the behavior of the tensor B a ap ^ ai {z — w,z — w) when the parameter 
f 2 is small. The composite operator we wrote down does not have any derivative and contains 
only ^-components of the left current, but the result would be the same for a more general 
operator. Only the number p of currents will be relevant. Following the previous reasoning 
one can show that : 

(dX a (z)X b (w) : dX a > : dX a \.. : dX^X a ^ : ... :: (x)) connected = 0{f +1 ). (B.14) 

5 Using similar methods it can be shown that the subleading terms in equation (|B.5[) do not modify this 
conclusion 
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Combining this result together with equations (|B.5P and (|B.6P and the fact that two-points 
functions are of order O(f ) we get: 

= ... + o(f^) : ^ : .. : m : ... :: H + ... (B.15) 

which we rewrite as: 

./L(^'Or) = ... + 0(fn : f L ] z : : jj* : ... :: (w) + ... (B.16) 

This result on the order of magnitude of the operator product is confirmed and used in the 
bulk of the paper. 



C Consistency of perturbation theory 
Current-current OPE 

In section [5] we explained how to compute the current-current OPEs order by order in a 
semi-classical expansion. The idea is to ask for the vanishing of the OPE between a current 
and both current conservation and the Maurer-Cartan equation, order by order in f 2 . These 
two constraints can be combined as : 

(djljw) - if 2 f b cd : ii z f L - z : H) = 0. (C.l) 

For this perturbative method to be consistent a term of order f 2n in the current-current OPEs 
should not spoil the vanishing of the previous OPE up to order f 2n ~ 2 . The subtlety lies in 
the computation of the OPE involving the composite operator in equation (IC.ip . Indeed the 
fact that the leading singularity in the current-current OPE has a coefficient of order f~ 2 
threatens to generates terms of low order in f 2 in this computation. In this appendix we will 
show that a term of order f 2n in the current-current OPE does produce terms of order f 2n in 
the OPE between a current and the composite operator appearing in equation (IC.lj) . namely 

f2 fb . Ad ac 

J J cd ■ JL,zJL,z " 

As a preliminary step let us prove the following useful lemma. We consider a composite 
of p currents : j : j : : ... :: that we write symbolically : j p :. Then the OPE of this 
operator with one current j is at most of order f~ 2 : 

j(z):f:(w) = 0(f- 2 ). (C.2) 

To prove this property we rewrite the current in terms of the bosons X a using equation (1B,5|) . 
Schematically we have: 

oo 

j = r 2 E#/ n+1 : xn+1 : (°- 3 ) 

n=0 

where we kept the numerical factors, possible derivatives acting on the fields X, and the 
index structures implicit to simplify the formula. Similarly the composite operator : j p : is 
written as: 

oo 

. jp .— j-2p # f m +P . x m+p : (C.4) 

m=0 
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To evaluate the OPE between the current j and the composite operator : j p : we need to 
evaluate the OPE between operators of the form : X q :. Remember that the propagator for 
the field X is of order f°, and that the n-point vertex is of order f n ~ 2 . We deduce: 

oo 

: X qi : (z) : X q2 : (w) = 0{f\ qi ~^~ q ) : X q : (z) (C.5) 

q=0 

In the previous equation the estimation of the order of the terms is rough (especially for 
large q) but it will be sufficient for our purposes. The proof is similar to the argument given 
below (lB.9j) (except that in the present case disconnected Feynman diagrams contribute). 
We deduce an estimation for the order of the terms in the OPE ()C,2|) 

oo oo 

j(z) : f : (w) = r 2p ~ 2 f n+m+p+1 0{f\ n+1 ~ m -" p \- q ) : X q : (C.6) 

n,m=0 q=0 

The operators that appear in the OPE (|C.2p are themselves (composites of) currents. Let 
us evaluate the coefficient of a composite operator of the form : j r :. According to equation 
(|B.5p the leading-order term in this composite operator written in terms of X's is : 

: / : = f- r : X r : +0{: X r+1 :). (C.7) 

So to get the order of the coefficient that multiplies and operator : j r :, it is enough to look 
for the coefficient of the terms multiplying f~ r : X r : in the OPE (jC6[) . These terms have a 
coefficient of order: 

, _ 2 p_2+n+m+p+l+|n+l-m-p| = f / 2 ( n + 1 -? 3 )- 2 if n + 1 > m + p ,„ , 

7 \ f 2m ~ 2 if n + l<m + p. { } 

Thus this coefficient is of order 0(f~ 2 ). This completes the proof of (1C2j) . 

Now let us come back to the evaluation of the OPE between a current and the composite 
operator in equation (jC.lj) : 

r L ,M i f 2 f b cd--j d L >z 3L,-z--M (G.9) 
Let us consider one term of order f 2n in the OPE between the operators j£ and jf , that 
we write schematically f 2n : j p :. To complete the computation we have to perform the OPE 
of this operator with the remaining current j£ =. According to the previous lemma, this OPE 
produces terms with coefficients of order f~ 2 . So we have proven that terms of order f 2n 
in the current-current OPE produce in the OPE (|C.lj) terms of order J 2 + 2n ~ 2 = f 2n . This 
proves the consistency of the algorithm to compute the current-current OPE order by order 
in f 2 . 

Current-primary OPE 

As explained in section [5] the same logic allows us to perturbatively compute the operator 
product expansion between a current and a primary operator. The Maurer-Cartan equation 
can be combined with current conservation to give the constraint : 

<P(z) (Bj b LiZ (w) + if 2 f b cd : j d L>z f L> - z : M) = (C.IO) 

This allows the computation of the j£ ,<f> OPE order by order in f 2 . The consistency of this 
algorithm is ensured by a slight generalization of lemma (|C.2p . namely: 

./i:S:/o:(,r! Olf 2 ;. (C.ll) 

The proof is similar to the proof of formula (IC.2P . 
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D Conformal current algebra: precisions 



In this appendix we gather various technical results related to the current algebra (12. 5 p . 
D.l The current algebra at order f 2 

In [1] the current algebra (|2.5p was computed at the order of the poles. The discussion of 
section \5\ shows that we can compute the less-singular terms by demanding consistency with 
current conservation and the Maurer-Cartan equation. In this appendix we will give details 
of this computation, and derive in particular the value of the new coefficients (12, 9h in the 
current algebra ()2.5|) . 

In this particular calculation, we show how to restore various signs that are associated to 
the fact that we deal with a super Lie algebra. Since we use the special algebraic structure 
of supergroups with zero Killing form, these signs are crucial. To set up the problem, we 
establish conventions for the metric inverse and the contraction of indices: 

ja = ^abj^ 

[t a ,t b ] = it c f ab . (D.l) 

We contract indices south-west north-easlH. 

As explained in section [5] current conservation implies that the tensors A, B, C that appear 
in each one of the three OPEs (|2.5p are equal. To compute them we ask for the vanishing of 
the OPE between a current and the Maurer-Cartan operator : 

c-d- z jl z - c + d z f L - z - if de : jU d L - z : . (D.2) 

Below we compute the OPE between the (left) current jf and the Maurer-Cartan operator. 
For ease of writing, we will separate various terms in the calculation. We first calculate the 
operator product of the current with the first term: 

Terml = jf (z) • c-d^w) 

~ c-dis(cK ac 2TT5(z -w) 

J z — w z — w 

+ 9 ~log\z-w\\d z ji(z)-d- z jl{z))) 

+(-l) ac : m :(*) 

+ (( A ) a V 1 1 (Z) " ^) a V°S #j* : (z) 

+((Cr gh ^:j^:(z))) + ... (D.3) 

The second term we take into account comes from contracting the current with the second 



6 These conventions differ only slightly from those in pQ. 
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term in the Maurer-Cartan operator: 
Term 2 = ■ {-)c + d w f g (w) 

~ -c + d w (c 3 K a " 



(z — w) 2 
a z — w [z — w) z 

+f ^(^ilH - + I^IH + C4 ~ g [!~ w) ' ^lH) 

4z-ro 2 2 (z — u>)^ 

+ (-(A) ac gh log |z - w\ 2 : jfj£ : +(fl)«* flh : f z fi z : 



z — w 

+(Cr gh ^^:f z j^.(w))) + ... (D.I) 



Furthermore we have the contractions with the composite piece of the Maurer-Cartan oper- 
ator. Following appendix [A] we use a point-splitting procedure and write f c de : j z j d : (w) = 
lim. f C dejt( x )js( w )- Then we distinguish two terms. The simplest is the term where we 
contract the current component jf with the part at w of the split operator. We then still 
need to contract further while eliminating singularities as x goes to w, but this is easily done: 
only regular terms survive. We obtain: 

Term3 = H)(-l) ea f de ((c 3 K ad -^ff z (w) 

(z — w 

a z — u; (z — u>) z 

+order zero in the separation. (D-5) 

There is also the more involved term where we contract first with j z (x), and then further 
with jf{w): 

Term 4 = lim X ae (z,x)(-i)f c d J z (w) (D.6) 



where 



X ae (z,x) ~ cK ae 27T(5(z 



a z — x z — X 

+ 9 -\og\z-x\\d z jl(z)-d- z f z {z))) 

+(-!)"_: jIjI : W 

+ ca % h z —^ ■ ®z ■ (*) 



+order 1 in the separation and higher order in the parameter / . 

Let's sum these four terms and discuss the vanishing of the total operator product order by 
order. The contact terms and double pole terms were already treated in We cancel them 
as follows: 
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1. There are terms proportional to du,2Tr5(z — w). These have coefficients: 

C-CK aC + c + c 3 K ac (D.7) 
which vanishes since the coefficients of the current algebra (|2.6p satisfy : 

c_c = — c_|_C3 (D.8) 

2. There are terms proportional to 2ir5(z — w) with coefficient: 

-c_r c 9 (c 2 - g)j§(w) + c + r c g c 4 j§(w) - if de CK ae jl(w) 

= -c.r g (c 2 - g)j$(w) + c + f ac g cdl(w) - i(-l) a (-iyr c g cjl(w) (D.9) 

which also vanishes thanks to the relation : 

— c_(c2 — g) + c + C4 — ic = 0. (D.10) 

3. There are terms proportional to l/(z — w) 2 with coefficients: 

c_(c 4 - g)f ac g j! + c + (c4 - g)f ac g f z - z(-l) ea f ' de c 3 K ad 'f z - z/ c , e / ae ,(c 4 - g) 2 P d h j h z 

where the last term arises from expanding l/(z — x) and taking into account the further 
contraction in Term 4. This last term vanishes thanks to the super-Jacobi identity combined 
with the vanishing of the Killing form. Note that this implies that the second line in Term 4 
does not contribute when the contraction between j% and jf gives rise to either a metric or 
structure constant. Thus, it can potentially contribute starting at order zero in the separation 
only. The coefficient of the terms under consideration then vanishes since the coefficient ()2.6|) 
satisfies the relation : 

(c_ + c+)(c 4 - g) + ic 3 = 0. (D.ll) 

4. We now turn to the calculation which is new compared to [3]. In the operator product 
expansion the simple pole in l/(z — id) comes with the coefficient : 

c-f ac g (c 4 - g)d- z f z {w) - c + r g c 4 d z j!(w) 

- cJ-r g (d z jl - d- z f z ) + a-B a % h : jijjt : (w) 

+ c+ 9 -r g {d z jl - d- z f z ) + c + B ac gh : fjl : (w) 
-i(-irr d J ad g c,:f z jl:(w) 

-if C def ae 9 (c*-g):j 9 z j d 
-if c de r g (c2-g)B^ xy :f z jl: 

+ 0(f 2 ) (D.12) 
We use current conservation and the Maurer-Cartan equation to write: 

9_ \ tac tg . „-e -d . i „ jyac . „-e „-d 

2' 

+ c + B ac ed :f z ji:{w) 



+*(C4 - \)r 9 f 9 de ■■ fjt ■ +C-B ac ed : fjl : (w) 



+ (c 4 - g/2)(if eg r d (-iy d - if dg r e ) : f z jl : (w) 

+ g/2(zf c eg r d (-iy d + if dg r\) ■■ rjt : m 

-if c hx f ax q (c2-g))B° h ed :f z j d : 



+ (D(f 2 ) (D.13) 
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where we have separated out (graded) symmetric and anti-symmetric terms. We now apply 
the super Jacobi identity to the first term in the third line and note that: 

r 9 r d = r g r d {-i) 1+a+ad 

a+ad+ec 



rj 9a d {-i) 



{ _ 1)a+ad+ec+cd{{ _ 1)acfea j^c + { _ l)adf e jgca^ (m4) 



which leads to: 



jc jag ^ l) ei ^ j c j a 9 ( 1) ^- J r aJ r a d+ac+cd+e d +ac+e+g+g+l+c d jc jag 

_|_ ^ Y ^l+a+a d +ec+c d +a d +g+e d +g+g+ca+e d jac jg 

_ f c tag 
J dgJ e 

= -r g f 9 d e- (D.15) 

Therefore, the third line cancels the first term in the first line and we are left with: 

(c-(By c ed + c + (Brj:f z jl:(w) 

+ g /2(zr eg r d (-iy d + if c dg r e ) ■. fji ■ w 

- if C hJ aX g(c 2 - g)B9\ d : fj* : +0(f). (D.16) 

As expected the demand of the vanishing of this term gives the value of the tensor B at the 
first non-trivial order in f 2 : 

B aC e d = ~i T( 9 - M C egf a9 d (-lT d + f C d gf a9 e)+0(n (D.17) 

2(c + + c_) y y 

5. A similar analysis for the other two first-order poles proportional respectively to l/(z — w) 
and (z — w)/(z — w) 2 gives respectively the tensors A and C in equations (|2.5|. \2.9\i . The 
details of the calculation are very similar to the calculation we just discussed. 

Remarks on higher order terms in f 2 

To discuss a few aspects of the higher order terms that we encountered, it is useful to define 
the following tensor: 

= f C egf ag d (-l) ed + f C d gf a9 e- (D.18) 

It is manifestly graded symmetric in the lower indices. Let's also check that it is graded 
symmetric in the upper indices: 

S Ca ed = f a egf C9 d (-l) ed + f a d gf C9 e 

= f a9 e(-l) 9+e9+1+ed f C d g(-l) 9d+1 + {-l) 9+1+9d+1+e9 f C egf a9 d 

= f ag e {-lTf dg + {-l) aC te 9 f a9 d 

= (-l) ac S ac ed . (D.19) 

Therefore, S is a linear operator that acts on the space of (graded) symmetric two-tensors. 

The higher order term in the last line in the above explicit calculation (|D.16j) gives rise 
to the square of the linear operator S. We computed it for psl(2\2) for which it simplifies to 

S ac gh S 9h ed = 8(K ac K de + (5 a e 5 d + (-l) ed 5 a d 5 c e )). (D.20) 
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We also have the equality S 3 = 165. When we take a supertrace of S 2 , it can be shown to 
be zero because the super dimension of psl(2\2) is —2. 

Using some of these properties, it is clear that at higher order the structure of a pole in 
the f ■ MC C OPE will look like: 

J,J Z :+...(: ./"./'. : H L) oc : j'J'l :). (D.21) 

The first term is proportional to a component of the energy-momentum tensor (and to the 
kinetic term in the Lagrangian). The other term indicates that at higher order, we need a 
new four-tensor index structure in the current-current operator product expansion. At the 
same time, the special properties of the linear operator given above show that only few four- 
tensors will appear. It is certainly feasible to push the above calculation, and therefore the 
other calculations in the bulk of the paper to higher order. 



D.2 The Virasoro algebra from the current algebra 

In [3] it was shown that the Virasoro algebra emerges from the current algebra (|2.5|1 via 
the Sugawara construction. More precisely it was argued that the normal ordered classical 
expression for the stress tensor : 

T = ^ : jL,M b L , z ■■ (D.22) 

satisfies the OPEs : 

if Aw) dif Jw) 

r * i£> = + Jh ^~ ± + °( z ~ w )° (D.23) 

(z — w) z z — w 

sdim(G) T(w) dT(w) 

T(z)T(w = —. —r + - -77 H \-0(z — w) . (D.24) 

K J v 1 2(z-w) 4 (z-w) 2 z-w v ; v ; 

In this section, we fill a gap in the demonstration of equation (|D,23P . We reconsider the 
OPE between a current and the bilinear operator : jtzhjj_,z ■ ^° P er f° rm this computation 
in [1] we truncated the current algebra at the order of the poles. We obtained : 

3l,M ■ iL, z dl z : H = 2 Cl f^l + c 2 ^- ((-l) bc : ^Jl z : + : ? L J> L ^ : («,)) 

[z — w) A z — w \ ' / 

Z — W f * - xfec . -6 -c . 1 . -c -b 



+... (D.25) 

where the ellipses contain terms of order zero in the distance between the insertion points z 
and w. We will now show that the sub leading terms in the current algebra do not modify this 
result. Let us divide these terms into two sets. First we have the regular terms and the terms 
that multiply an n i/l -derivative of a single current. These terms were already considered in [3] 
and it is straightforward to show that they do not modify (|D.25P . The second set contains the 
terms that multiply composites of (derivatives of) several currents (not including the regular 
terms). This includes for instance the current bilinears in equation (|2.5p . The crucial point 
is that all these terms come with a coefficient that contains at least two structure constants. 
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This is a consequence of the discussion in appendix [Bj In full generality, a term in this second 
set may lead to the following type of contribution to (jD.25h : 

T a bjj z H | U a bdjl z (w) | V\djl z (w)(z-w) | f?j b L - z (w)(z-w) 
(z — w) 2 z — w (z — w) 2 {z — w) 3 

U^dj b L Jw)(z-w) t V b a 8j b (w)(z-w) 2 t W a bc :fr z j b :(w) 



+ T \o + 7 To + 



(z — w) 2 (z — w) 3 Z — W 

X\ c :jl- z jl z :{w){z-w) Y\ c -.f L .j b L .:(w){z-w) 2 

+ f \1 ' ( \3 {U.ZO) 

\z — wy (z — w)^ 

where the tensors T a b , etc. are invariant two- and three-tensors made of contractions of 
structure constants. According to the argument of [2], any invariant two-tensor obtained by 
contracting at least one structure constant vanishes. Moreover any invariant three-tensor 
obtained by contracting at least two structure constant also vanishes. Since all tensors ap- 
pearing in (lD.26j) contain at least two structure constants that come from the current-current 
OPE, all these terms vanish. This completes the proof of equation (|D.23|h 

D.3 Currents as a primary fields of dimension one revisited 

The stress-energy tensor can be written either in terms of the left or of the right currents. 
As a consistency check on our formalism, we will compute in this appendix the OPE between 
the stress-energy tensor and the current components jl z using the expression of the energy- 
momentum tensor T in terms of the right currents: 

T(z) = ± : j\ >z j% z : (w)k s1 (D.27) 

To proceed we use the OPEs between left and right currents (|3.15|) . (|3.16|) . as well as the 
OPEs between a current and the primary adjoint operator ()3.10p . Notice that the latter 
OPE may receive higher-order corrections in f 2 . In the following we keep track only of the 
leading-order terms in f 2 . The computation goes as follows: 

3l,z( z ) ■ j b R,z3%z ■ H K cb 



+ 




'■"■fn, ■■ H+ ■ ./'/,'. 



c + + c_ z — w 

c_ [= Br% z ■■ H+ ■■ AM™ ■■ HK&(* -*)\ 

H : 7 ^2 (L».28J 

C_|_ + c_ [z — w) J 

where a triple pole vanishes since it is proportional to the contraction of a structure constant 
with the metric. We have to treat carefully the normal-ordered operators appearing in the 
previous expression. The central point is the property: 

: jlcfP : - : cj> bb[ f R :cx f al - c (D.29) 

and similarly for the left currents. This property follows from the OPE between the current 
and the adjoint primary (|3. 10[) . Thus we can deal with the first line easily, and using equation 
(13.61) we obtain : 



Ab i% z ■ H+ : j b R,J ae : ( w )] K lc c_ 2f L (w) 



w) 2 c + [z — w) 2 



(D.30) 
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Now let us consider the second line. We use equation (|3.1ip : 

dr a = - l -^ M f R ,A ai - (D-3i) 

Notice that we do not need the normal ordering symbol on the right-hand side since (at 
leading order in f 2 ) there is no singular term to discard in the OPEs (|3.10p . Thus we rewrite 
the second line as: 



t)Obf Rz . . j b Rz dct> aE : (w)]k 



be 



C_|_ + c_ z — w 

C+ + C- Z — W 

C_|_ + c_ z — w 

where we used the property (|D.29P again in the last step to commute the adjoint operator 
and the current in the normal ordered triple operator. Now thanks to the anti-symmetry 
of the structure constants this term vanishes. We can perform similar manipulations on the 
third line: 

c [■ d<P*3% z ■ («0+ : jlJr c ■ (w)]K- b - c (z - w) 



C_|_ + c_ {z — w) 2 

The first operator can be rewritten as: 



(D.33) 



" l j% z ■ («0*fe = : 3%3% z <t> ad ■ M (D.34) 



and the second one as: 

: jljr 5 ■■ («0«5e = = ikzlks*** ■ H =■ ^3% ■ M«fc (D.35) 

where in the last step we used that / g( j g : jji z j%^ '■= feds '■ 3r.z3rz '■■ Therefore the two 
operators present on the third line are the same. Now we can use the Maurer-Cartan equation 
and current conservation for the right currents to rewrite them as: 

" ^ : 3%-Jr^ ■ H = - C - ± ^~ ■■ dj R ,J aS ■ (w)k» (D.36) 

C_|_ c+ 

Therefore, we can rewrite the third line as: 

c_ 2(c+ + c_) [: dj h R z 4> a ~ c : (w)+ : j b RjZ B(j) a5 : {w)]k Vc {z - w) _ ^ c+ dj a Lz {w){z-w) 

c+ + c_ c_ (z — w) 2 C- (z — w) 2 

(D.37) 

where we used equation (|3.6|) once more. Gathering all terms, we obtain: 

-ar, -l --c 2c 2 _ ( 3j,M , df L Jw)(z-w) \ 

3l,z{z) : 3r,z3r,z ■ ™ )«fe = T — 7 — ^ + 1 ^2 D -38 

c + + c_ \{z- w) z [z — w) z I 

which we can finally rewrite in the expected form: 

1 t, - 3t A w ) djf Jw) 

T(w)jtjz) = — : j h R}Z f R>z : {w^-Jl^z) = + (D.39) 

thus completing our consistency check. 
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D.4 The associativity of the current algebra 

In this appendix we address the issue of the associativity of the current algebra (|2.5p . We 
will prove the associativity of this current algebra at the first non-trivial order in f 2 . 



The OPE jIMjLHj c lA x ) 

First we consider the OPE between three z-components of the left-current: 



(D.40) 



We will compute this OPE using the current algebra (|2.5p at the order of the poles. Moreover 
we will only compute the lowest-order terms in the f 2 expansion. In this case these are terms 
of order f~ 2 . To prove associativity we will first compute the OPE between the first two 
currents, then compute the OPE of the result with the third current, and show that the result 
is invariant under permutation of the currents. We start out with: 



ah 



c 2 /^t» , (c 2 -g)f ab d j d L - z (w)(z-w) 



\(z — w) 2 
+ --jl, z (z)jl z (w):+..)jl z (x) 



+ 



z — w 



(z — u>) 2 



(D.41) 



The ellipses stand for lower-order terms in the OPEs, that we do not keep track of. We 
obtain : 



(z — w) 



„ „ fabc 



+ 



(z — w)(w — x)' 



(D.42) 



up to a contact terms. We now have to compute the OPE involving the regular operator 
■ 3l z( z )3l z( w ) '■■ ^ n or der to use the techniques presented in appendix [Al we rewrite both 
currents as being evaluated at the point w: 



■ jlM&M ■= E ~, J ■ (FPfiJil* ■ («)■ (D.43) 



ra,n=0 



nl 



Let us now consider the OPE of one of these composite operators with the current j£ z (x): 



j£» : {d^3l z )j b LjZ : {w) = f L (x) lim d^f L)Z (y)j b LjZ (w) 

c x k™ , c 2 r d f L M i ( C2 -g)r d j d L Jy)(x-y) 



lim <9™<9™ 

:y—¥w. 



(x - y)< 



+ 



x-y 



+ 



(x - yf 



m,m=0 



ml 



ml 



+fUy) 



lim mm 

:y—¥w: y y 



cb 



+ ... 



(x — U))' 

ciK ca j b LiZ (w) 
(x - y) 2 



+ 



ClC 2 / 



cab 



(x — y)(y — w) 2 (x — w) 2 



(D.44) 
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where the ellipses in the last line contains singular terms that comes from the OPE between 
the regular operators and the current in the third line of the previous computation. These 
terms in this OPE will be removed by the regular limit : y — > w :. In order to compute the 
action of the derivatives more conveniently, we rewrite the second term in the last line as: 



cic 2 / 



cab 



c lC2 r b T iy ~ w)P 2 



(x-y)(y-w) 2 f^( x ~ w ) P 



(D.45) 



Thus we obtain: 



f L:Z {x) : {er& 3 \ z )j b L , z : H = Jim ; 



(n + 1)! C(l . b 



p=0 



(x - y) n+2 
{p - 2)...(p - 2 - n + l)(y - w)f- 2 - n 



cic 2 r ab + 



(x - 



Cl K cb d n d n jl z (y) 



(x — w) 2 



+ 



n! 



ciK cb d n d n j a Lz {w) 



(n + 1)! 

r — w) n " 

Resumming the series, we get: 



+ ..(D.46) 



n,n=0 



(z — w) n (z — w) n 



+<5n,0 



cic 2 f ab + 



ni 



(x — w) 



(x — w) n+3 



ClK Ca j b Lz (w) 



+ 



C\C 2 f 



cab 



ciK cb d n d n j a Lz {w) 
(x — w) 2 

ciK cb j a L Jz) 



+ ... 



+ 



(x — z) 2 (x — z)(x — w) 2 (x — w) 2 
After gathering all terms, we obtain: 



+ ... 



(D.47) 



+ 



ClK ab f Lz {x) 



+ 



C\C 2 f 



abc 



+ 



ClK Ca j b Lz {w) 



(z — w) 2 (z — w)(w — x) 2 (x — z) 2 

ClC2 r b , c^jijz) 



+ 



(x — z)(x — w) 2 (x — w) 2 

abc L-ab^c 



+ ... 



cic 2 r 



_ | C X K ab f Lz (x) | C X K Ca i b Lz {w) | C^jljz) 

(z — x)(x — w)(w — z) (z — w) 2 (x — z) 2 (x — w) 2 

which is manifestly invariant under permutation of the currents. 



+ O(/ ) + 



The OPE j a L , z (z)j b L:Z (w)jl z (x) 

We now consider the OPE involving two z-components and one z-component of the left 
current: 
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First we will take first the OPE between the two z-components of the current: 

C\K' 



Clival ,» - .W(8 - si) 



K>bi>M» = + + 

(z — w) A (z — w) A (w — x) z 

The OPE involving the composite operator does not produces any term of order f~ 2 , thus 
we obtain : 

MMMU*) = ^f^ 1 + fep^ + + ... (D.50) 

(z — u;)^ (-z — to) — xy 

Now let us perform the same computation taking first the OPE between one z-component 
and one z-component of the current: 

ji,*(z)bi,>)j£,^)] 

.„ . , ( {cA-g)f bC d jj z {x) (c2-9)f bC d jj- z (x) _ b \ 

= Jl,z(z) = ^ + 7 r + : Jl,zMj c l - z (x) : +... 

\ w — x (w — X) ' ' / 



(z — w) 2 (w — x) 



+ HM ■ jlzMfiAx) ■+■■■ 



(cA-9)f abC , ClK a %z(x) 



+ + (D.51) 



(z — w) 2 (w — x) (z — w) 2 

Thanks to the relations between the coefficients of the current algebra : 

ci(c 4 - g) = c 3 (c 2 - g) (D.52) 

we find that the current algebra is indeed associative at the order at which we performed the 
computation. The coordinate dependence does not match exactly since we did not take into 
account the terms containing derivatives of the currents that appear in the current algebra 
as subleading terms. It is interesting to pursue the full proof of associativity. 

D.5 The holomorphy of the stress-tensor 

In this appendix we address the issue of the holomorphy of the stress-tensoijl]: 

T(z) = ^-K ab :j b L>z jl >z :(z). (D.53) 

Since the z-component of the left-current is not holomorphic away from the WZW point, 
it is not obvious that the stress-tensor will be holomorphic in the quantum theory. The 
anti-holomorphic derivative of the stress-tensor reads: 

BT(z) = ±- Kab (: Bj b L>z f L>z : (*)+ : j b L> M,z ■ (*)) • (D-54) 



7 We would like to thank Matthias Gaberdiel for raising the issue. 
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To continue the computation we combine current conservation with the Maurer-Cartan equa- 
tion to write the anti-holomorphic derivative of the z-component of the current in terms of a 
bilinear : 

0f L , z = -iff\ c ■■ fU'L. : • (D.55) 

Since all the poles in the OPE between j£ and j b L 2 vanish when contracted with the structure 
constant f a f )C , we can also write : 

df L , z = -if 2 f\ c : j b L ,,f L , z : ■ (D.56) 
Thus using successively the last two equations we obtain: 

9T(z) = -^-U- (:: /,,./'/., : jL ■ (*)+ : j£, 2 : j'i J,., ■■ (z)) • (D.57) 

Now let us consider the composite operator :: j£ 2 j£ g : j£ z : (z). It is defined as the regular 
term in the OPE between : j£ 2 : and j£ 2 . We will show that we have : 

fabc 3%A~z ■■ f L , Z ■■ (Z) = f abc = flA^i, Z ' (z) (D.58) 

where the operator : j£ 5 j£ z : is defined as the regular term in the OPE of the three 
currents j£ , f and j£ . The difference between the operators on the left-hand side 
and the right-hand side of equation (|D.58P comes from the non-regular terms in the OPE 
between j£ and g . The crucial point is that all these terms vanish when contracted with 
the structure constant f a j, c : 

fabMMjUw)- : f L Jz)j b L - z (w) :] = 0. (D.59) 



This can be checked via the current algebra OPEs (|2.5p order by order in f 2 . In equation 
(|2.5p the current algebra is given up to terms of order / 4 , and thus one can prove the previous 
statement up to terms of order / 4 . Indeed, all tensors that appear in the current algebra 
(|2.5p vanish upon double contraction with a structure constant: 



abc 



cb fcbd Acb rjcb (~icb 



(D.60) 



The non-degenerate metric K cb and the tensors A cb d e , B cb d e , C cb d e are graded-symmetric in 
the indices c, b. Moreover the double contraction of the structure constant vanishes since the 
dual Coxeter number of the Lie super algebra vanishes. This concludes the proof of equation 
(ID.58P up to terms of order f 4 . Let us mention that the same equation (|D.58P also guaranties 
the quantum integrability of the model up to this order, as discussed in section [71 The same 
argument leads to the equality: 

fabc : J'L ■■ j b L,- Z f L , Z ■■ (Z) = fabc = .li.Jl.J,..: = (*)■ (D.61) 

Thus we have: 

9T(z) = =^fabc (: jU'Lj'I.... : (z)+ : jI.JLJl, ■ (*)) = (D.62) 

which vanishes thanks to the (graded) anti-symmetry of the structure constants. It would 
be interesting to have a non-perturbative understanding of the consistency of the normal- 
ordering and the holomorphy of the energy-momentum tensor. 
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E Details on primary operators 



E.l Behavior of current primaries under perturbation of the kinetic term 

In this section we will show that current primaries at a given point of moduli space remain 
current primaries after perturbation of the kinetic term. More precisely we will show that 
if an operator <fi satisfies the OPEs (|4.ip at a given point of moduli space, then it also 
satisfies the same OPEs after exactly marginal deformation of the theory. This implies that 
it is consistent to think of a current primary as being the group element taken in a given 
representation, at any point of the moduli space. It also proves the claim in section |4] that 
the affine primary fields at the WZW points become current primaries after deformation of 
the theory. 

For convenience let us recall the OPEs that define a primary operator cf) : 

f L JzWw) = — — t a + less singular 

C_|_ + c_ z — w 

f L g(z)6(w) = — — t a -^I + less singular. (E.l) 

C_|_ + c_ z — w 

We assume that these OPEs hold at a given point of moduli space (/ 2 , k). Then we perturb 
the kinetic term : f 2 — > f 2 + e and we compute the way the OPEs (fETT]) are modified. A 
procedure to compute OPEs in conformal perturbation theory was given in [3]. Here we will 
only compute the deformation of the OPEs (IE.1D up to first order in e. The prescription 
is to compute first the OPE between the current and the perturbation of the action, and 
then to compute the OPE of the result with the field eft. We begin with the first step of 
this procedure, for the first OPE in (jE.ip , The OPE between the current and the marginal 
operator can be computed thanks to the current algebra (|2.5I) : 

3l,z( z ) / d 2 XK ch : — — : (s) 

47T/ 4 J C+ C_ 

= ST^T / d2x ( Cl f^F + ^M^< 2 >(* - .) + -..) • (E.2) 

The ellipses contains higher-order terms both in f 2 and in the distance between z and x. We 
will not keep track of these terms for the time being, and we will comment on their relevance 
at the end of the computation. We now have to take the OPE of the previous result with the 
primary field <j). We obtain : 

c x c_ <j)(w) cc+ <f>(w) 



d 2 x { t a y ' — t a 5 (2) 



47r/ 4 c + c_ J \ c + + c_ (z — x) 2 (x — w) c+ + c_ x — w 



n<- CC+ \ ta <p(w) 



2/ 4 c + c_ \c + + c_ c + + c_ / z — w 

= -ec+t a ^^- + less singular, (E.3) 

z — w 

where we used the explicit value of the coefficients (|2.6p . As claimed, the structure of the 
OPEs (jE.ip is unaltered after perturbation of the kinetic term. It is also straightforward 
to check that (taking into account the renormalization of the currents) the perturbation 
f 2 / 2 + e induces a deformation of the coefficients in (jE.ip that matches the result obtained 
at first order in e. 
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Now let us come back to the terms we discarded in equation (|E.2p , They contain the 
contribution to this computation from the poles and less singular terms in the current algebra 
(|2.5p . All these terms are (composites of) currents. It follows from (jE.ip and from dimensional 
analysis that in the OPE between any one of these terms and the primary field (p, the most 
singular term that may arise multiplies the operator (p. Here we assume that all terms 
appearing in the OPE (lE.lj) can be written as composites of currents with the field (p. Thus 
if any of these terms has any effect on the previous computation, it may at worse modify the 
coefficient obtained in ()E.3j) . On the other hand, as was mentioned in sectionlH the coefficients 
in (jE.ip are fixed by demanding compatibility with current conservation and the Maurer- 
Cartan equation. Since these coefficients were already recovered in (|E.3|) it follows that the 
term we discarded in equation (|E,2h indeed has no effect on the result of the computation. 
This can also be checked by hand for the terms that are explicitly given in equation f)2.5|) . 

E.2 Current-primary OPE at order f 2 

Equation (14, ip gives the OPE between a current and a primary field at leading order. Ac- 
cording to the discussion of section [5] it is possible to compute the higher-order terms thanks 
to current conservation and the Maurer-Cartan equation. In this appendix we perform the 
computation of the first correction to the OPE (|4.ip . which leads to the OPE (|4.2p in the 
bulk of the paper. 

The terms on the right-hand side of the OPE (|4.ip are of order f°. We will now compute 
the current-primary OPE at order f 2 . Following the discussion of appendix [B] we make the 
following educated ansatz for the OPEs between the left-currents and a primary field (p: 

f LjZ (zMw) = - °+ : f L J : W 

c+ + c_ z — w 

+ A\\og \z - w\ 2 : j% z <t> : (w) + B\ Z -^- : j% <f> : (w) + O(f) 

z — w 

■n r \ , , \ c - t a 6(w) , , . 

c + + c_ z — w 

+ D a c log \z - w\ 2 : jl-A : (w) + C a c ^ : f L ^ : (w) + O(f). (E.4) 

z — w 

We expect the coefficients A a c , C a c , B a c , D a c to be of order f 2 . We will check that the 
coefficient of the first-order poles are not modified. As explained in section the demand of 
consistency with current conservation (|5.4p imposes that the terms in the j£ Jz)(p(w) OPE 
can be deduced from the terms in the j£ z {z)<p(w): 

A a c + C a c = = B a c + D a c . (E.5) 

To get further constraints on the tensors A a c and B a c we ask for the vanishing of the first- 
order poles in the OPE between the operator cp and the Maurer-Cartan operator, that we 
write as in (jC.lOP : 

The first part of this OPE is: 

: jr .6 : (w) : jj 9 <p : (w) . 

djl z {z)<P{w) =A\ JL f_^ + B\ J f_^ + °U )• (E-7) 
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The simple poles in the previous expression should be canceled by the simple poles in the 
OPE between the composite operator if 2 f a \, c ■ j c L z j b L s : and the operator cf>. Notice that 
because of the factors f 2 multiplying the composite operator, we only need to compute the 
OPE at order / . We calculate : 

4>{w)[iff\ c : f L ,A,z ■ (*)] = if 2 f a bc i™ tWftM&M 



iff\c I™ 



t c ct){w) 



c+ + c_ x — w 
C- t b <j){w^ 



am 



C+ + c_ 



z 



w 



(E. 



To proceed according to the prescription of appendix [A] we have to expand the fields in the 
first line (respectively the second line) in the neighborhood of the point x (respectively z). 
Then we have to perform the remaining OPEs between the currents and the (derivatives of) 
the primary field <j>. Notice however that all the terms proportional to f a cb t b t c = \ f a c bJ hc dp d 
do vanish. Only the regular term in the current-primary OPE will contribute to the result 
at order /°. Moreover it is straightforward to check that the terms proportional to A a c and 
B a c in the previous OPE do not contribute at order /°. We obtain: 



™)[itf\c--f L Jl S ■■{*)] 



-if 2 f\c 



I' ■ fi. o : (z) 



c+ + c_ 



+ 



t b : f L J : (z) 



w 



c+ + c_ 



+ .. 



w 



(E.9) 

where the ellipses contains terms of order / 4 as well as terms of order zero in the distance 
between z and w. Gathering terms, we conclude that we have the equalities: 



A a r 



B a r 



{C+ + C-Y 

c + a m +b 



(c+ + c_) 2 



if a cb t b + 0(f 



(E.10) 



We note that one can reach the same conclusion by computing the OPE between a current and 
both sides of the equation (|4.10p . i.e. by demanding compatibility with the proportionality 
relation between the operators d<j> and t a : j£ z <fi :. 



E.3 Stress-tensor-primary OPE at order f 2 

Here we present the computation of the OPE between the stress-energy tensor and a primary 
field (p. This computation relies on the prescription of appendix|Al and on the current-current 
and current-primary OPEs (|2.5p and (I4.2p . Since we computed these OPEs up to order / 2 , 
we will also obtain the stress-tensor OPE up to order f 2 . 



4>(z)2 Cl T(w) 



lirn (p(z)jl (x)j b L (w)K ba 

G— Hi): 

c+ t a 4>{z) 



= n ab lim 

:x— >w: 

+A a c \og\z 
+ 3lM 



C+ + C_ X 



:jl z 4>:{x) + B a 



c+ t h (j)(w) 



+ c_ 



w 



+ 0{(z-wf) 



(E.ll) 
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Let us first consider the first term in the previous expression. According to the prescription 
given in appendix |Aj we have to evaluate the operator cf>(z) at the point x before we take the 
OPE with the remaining current j^ z (w). So we rewrite this term as: 

Km f °i — £ {Z ~ f { " ~f d^{x)\ j|» 

\ + n,n=0 J 

c+ + c_ :x-+w. n! n! V c+ + c_ io — x 

' ra,n=0 x 

= _« o6 t-^f_^Y i im y (z-xT' 1 &-f) n a*g* 

v + 7 n,n=0 

1 ± - ^° c + : ^* ! "°' + ... 



w — x tb! ml J c+ + c_ w — z 

m,m=0 

In the previous lines we only kept track of the operators that will lead to poles in the final 
result. We evaluated the operator <p at the point w so that the action of the derivatives is 
easier to take care of: 



-K ab t a t b (^—) lim V 

\C+ + C- 1 :x->w: 



(z — x) n (z — x) 1 



n,n=0 

*— ' m (m — n — 1) (m — rt) / c+ + c_ ui — z 

v m,m=0 v I \ J J 

The regular limit gives a non-zero result for the anti-holomorphic factor only if m — n = 0. 
For the holomorphic factor, one needs m — n — 1 =0. Notice that the terms with n = m = 
also contributes with a non-vanishing term. Eventually we obtain: 

(-*-)'( e ( 7ri7' 5 "f )g yi+iy ^» 

\c + + c_y 1 ^ (n + lj! n! 

\n,n=0 

(z — u>J z n! / c+ + c_ it) — z 

= IMt W_a_y *w a : 4-' ; ""> + ,„ (E.i2) 

\c + + c_y (z — u>) z c + + c_ w — z 

This completes the evaluation of the first term in (jE.lip . The other terms are much easier to 
deal with. The only non-trivial part is the computation the OPE between a current j b L z (w) 
and the composite operators : j c L z <p : (z) and : j£ z (p : (z). Since the coefficients A a c and B a c 
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already are of order / 2 , we only need to know these OPEs at order /°. We find: 



^2 



c + + c_ J (w — z) 



C+ + C_ It) — z 

c-{c 2 - g) +c+(c 4 - g) 



+ 0{f). (E.14) 



C_|_ + c_ w — z 



All the terms that appear in these OPEs give zero once contracted either with A a c n a b or with 
B a r K a i). In particular factors of the form f a i )C t c t b vanish since the dual Coxeter number is 
zero. Gathering everything we obtain: 

0(,)2 C1 T H = -A^f^ fl ^ - 2 : + ^iMiij + 0(a _ w)0 + oin 

(c+ + c_) 2 (z — u;)^ c+ + c_ to — z 

(E.15) 

The previous result is true only up to terms of order f 2 , since a term of order f 4 in the current- 
primary OPE may give a term of order f 2 once contracted with an additional current (see 
lemma (jC.lip ). We rewrite the result as: 

T{w)(f)(z) = — — ? -2- + + 0{z - w)" + 0(/ ) (E.16) 

2 [z — u>) z c + w — z 

This concludes the proof of equation (|4.6p in section [H 



F The mode expansion on the cylinder 

When the theory is defined on a cylinder we can expand the operators in modes by means of 
a Fourier transform along the compact coordinate. Then we can convert the current-current 
OPEs into graded commutation relations for the modes of the currents. This was done for the 
current algebra (|2.5p in [4j. In this appendix we give the translation of the left current - right 
current OPEs (|3.15[ 13. 16H in terms of commutation relations. We use the same techniques as 
in section 5 of [3]. To simplify the notation we do not write explicitly the subscript L or R 
on the currents since it is redundant with the different notation for the left and right adjoint 
representations. We expand the currents and the adjoint operator in modes: 
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We obtain the commutation relations: 

L^n^mJ c++C_ c+ + C_ n+m 

r -a ,-a 1 C + C_ c+m - C_W ^ 

C_j_ -(- C_ Z 
2 

b' a i? 1 = C + C ~ fm I ri\A m 

Uz,niJz,ml -\- c ^2 ' n + m 

C (? 

\Jz,ni 3z,m) = + 7^ [j - /^ p ( m n )"^n,+m) (F-2) 

as well as the standard commutation relations between the modes of the currents and the left- 
right adjoint primary (as determined by their OPE), and the left-left commutation relations 
calculated in [3]. 

In [4] it was shown that the combination of left current components j% n — jf n generate 
a Kac-Moody algebra at integer level k. This is also the case for the right combination 
if m ~ 3s m- As a consequence of the above commutation relations, we find moreover that the 
left and right Kac-Moody subalgebras commute: 

\3z,n 3z,ni 3 z,m 3~z,m\ ^' 

(F.3) 

Only the zero modes of these affine currents commute with the worldsheet Hamiltonian. 



G Classical integrability 

In this appendix, we will show that principal chiral models with or without Wess-Zumino 
term are classically integrable. We generalize here the standard calculation to the case with 
non-zero Wess-Zumino term. The equations of motion d * j = for the model written in 
terms of the left current components read: 



Bf z +djl = 0, (G.l) 



where we have that: 



1 1 

3z = -^{j2+k)dgg~ 



k)df z +^ + k)djl-if a bc j c J s = 0. (G.3) 



3-z = -\{^-k)dgg-\ (G.2) 

As before, the coefficient of the principal chiral model term is 1/ f 2 and the Wess-Zumino 
term has coefficient k. The Maurer-Cartan equation d(dgg^ 1 ) = dgg^ 1 A dgg~ l is: 

In this context it is easier to work with the canonical right invariant one-form: 

u = dgg- 1 (G.4) 

and rewrite the equations of motion in terms of oj and the coefficients c± defined as in the 
bulk of the paper: 

du z = C -- — [u) z ,oj s ] 

c + + c_ 

du) 2 = H ^ — [v z , (G.5) 

C_|_ ~~ r" C — 
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Now consider a connection which is a function of a spectral parameter A: 



^( A ) = ~TT^ ^—u z dz~- r — u s dz (G.6) 

1 + A c + + c_ 1 — A c + + c_ 

and compute the curvature of the connection: 

r-, 2 c + ^ 2 c_ c + c_ , 1 1 . 

i*k = -TTT , du} z + z r ■ du} 2 ■ ■ 2—— + - r)[u g ,Ug] 

1 + A c + + c_ 1 — A c + + c_ c + + c_ c + + c_ 1 + A 1 — A 

Flatness of the connection for all values of the spectral parameter A is equivalent to the 
validity of the equations of motion (|G.5j) . Using the on-shell flat connection, we can define 
an infinite set of conserved charges, for instance by calculating the traced holonomy for the 
model on a circle times time, and expanding in the spectral parameter. The infinite set of 
conserved charges renders the theory classically integrable. The theory can then be studied 
using the powerful tools of integrability. 
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